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In this note, we consider the quasilinear elliptic equation ±pu = h(x)um + H(x)un in
R
N (N  3), where 0 < m  p − 1 < n. We establish conditions suﬃcient to ensure the
nonexistence of nonnegative entire solutions, which improves a result of A.V. Lair [A.V. Lair,
Large solutions of mixed sublinear–superlinear elliptic equations, J. Math. Anal. Appl. 346
(2008) 99–106].
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1. Introduction
Recently, Lair in [1] considered the existence and nonexistence of solution to the elliptic problem{
u = h(x)um + H(x)un, in RN ,
u(x) → ∞ as |x| → ∞ (1.1)
where h(x), H(x) : RN → (0,∞) are the locally Hölder continuous functions, and 0 < m  1 < n. Lair found a somewhat
surprising result. That is, both u = u and u = e−|x|un (n > 2) have positive entire large solution, but the equation
u = u + e−|x|un, in RN (1.2)
has no positive entire large solution. By the modiﬁed Bessel function, Lair proved this result.
The purpose of this note is to establish a similar nonexistence result for the problems{
pu = h(x)um + H(x)un, in RN ,
u(x) 0, in RN
(1.3)
and {−pu = h(x)um + H(x)un, in RN ,
u(x) 0, in RN
(1.4)
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It is well known that the problems (1.3) and (1.4) have no nontrivial solutions in W 1,ploc (R
N ) ∩ Lnloc(RN ) if ∃R0 > 0 such
that H(x) c0|x|−γ holds for any |x| R0, where c0 > 0 and γ < p, see [6]. Otherwise, if H(x) satisﬁes
H∞ =
∞∫
0
(
s1−N
s∫
0
tN−1H(t)dt
) 1
p−1
ds < ∞, H(t) = max|x|=t H(x), (1.5)
the equation
±pu = H(x)un, in RN (1.6)
admits a positive solution u ∈ C1(RN ), see [8–10] and the references therein.
Similarly, if h(x) satisﬁes
h∞ =
∞∫
0
(
s1−N
s∫
0
tN−1h(t)dt
) 1
p−1
ds = ∞, h(t) = max|x|=t h(x), (1.7)
then the equation
pu = h(x)um, in RN (1.8)
admits a positive large solution u ∈ C1(RN ). If h∞ < ∞, the equation
−pu = h(x)um, in RN (1.9)
has a positive ground state solution u ∈ C1(RN ), see [1–5,8–10].
Further, if
M∞ =
∞∫
0
(
s1−N
s∫
0
tN−1M(t)dt
) 1
p−1
ds < ∞, (1.10)
then ∃λ0 > 0 such that λ ∈ [0, λ0), the problem{−pu = h(x)um + λH(x)un, in RN ,
u(x) > 0, in RN , u(x) → 0 as |x| → ∞ (1.11)
admits a solution u ∈ C1(RN ), where M(t) = max|x|=t{h(x), H(x)}, see [7].
In this note, we will consider the nonexistence of solutions for the problems (1.3) and (1.4). Roughly speaking, if the con-
ditions (1.5) and (1.7) are satisﬁed, it is possible that the problems (1.3) and (1.4) have no nontrivial solutions in W 1,pα,loc(R
N ).
This improves a result in [1].
The main results in this note are the following theorems.
Theorem 1. Let 1 < p < N. Assume
(A1) 0 <m p − 1 < n;
(A2) ∃α1,α2  0 such that
q = α1 + α2 > p − 1, α1
n
+ α2
m
= 1; (1.12)
(A3) the functions h(x), H(x) > 0 are locally Hölder continuous in RN and satisfy
limsup
R→∞
Rσ1
(
B1(R)
)− α1(p−1)nq (b1(R))− α2(p−1)mq < ∞ (1.13)
with σ1 = N − p − N(p − 1)/q and
B1(R) = inf
ΩR
H(x), b1(R) = inf
ΩR
h(x), ΩR =
{
x ∈RN ∣∣ R  |x|√2R}, R  1.
Then the problem (1.3) (or (1.4)) has no nontrivial solution u(x) in W 1,pα,loc(R
N ), where
W 1,pα,loc
(
R
N)= {u(x) ∣∣ Hλ1hλ2uq, |∇u|puα−1 ∈ L1loc(RN)}
with λ1 = α1/n, λ2 = 1− λ1 and small α 
= 0.
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A∞ =
∞∫
0
(
s1−N
s∫
0
tN−1
(
B1(t)
)λ1(b1(t))λ2 dt
) 1
p−1
ds = ∞. (1.14)
In fact, it follows from (1.13) that there exist t0  1 and c0 > 0, such that for t  t0,(
B1(t)
)λ1(b1(t))λ2  c0t σ1qp−1 = c0t−N+ qp−1 (N−p). (1.15)
Therefore,
A∞ 
∞∫
t0
(
s1−N
s∫
0
tN−1
(
B1(t)
)λ1(b1(t))λ2 dt
) 1
p−1
ds
 c1
∞∫
t0
s(1−N+
q(N−p)
p−1 )/(p−1) ds = ∞. (1.16)
So, the condition (1.13) implies (1.14).
Remark 2. If h(x) = H(x), then B1(R) = b1(R) and the assumption (1.13) is in the form
limsup
R→∞
Rσ1
(
B1(R)
)− p−1q < ∞. (1.17)
By Remark 1, this gives that H∞ = ∞. For this case, Theorem 1 shows that the problem{
−pu = H(x)
(
um + λun), in RN ,
u(x) > 0, in RN
(1.18)
has no nontrivial solution. In [11], Yang obtained that if H∞ < ∞, the problem (1.18) has a ground state solution for
λ ∈ (0, λ0) with some λ0 > 0.
Theorem 2. Let n > 1. Then the problem{±u = u + e−|x|un, in RN ,
u(x) 0, in RN
(1.19)
has no nontrivial solution u(x) in W 1,2loc (R
N ) ∩ L1loc(RN ).
Remark 3. Lair in [1] proved that Eq. (1.2) has no positive large solution. Theorem 2 shows Eq. (1.2) has no nonnegative
nontrivial solution.
2. Proof of the theorems
In order to prove the nonexistence of nontrivial solution of the problem (1.3) (or (1.4)), we use the test function method,
which has been used in [6] and references therein. Some modiﬁcation has been made in our proof. The proof is based
on argument by contradiction which involves a priori estimate for a nonnegative solution of (1.3) (or (1.4)) by carefully
choosing the special test function and scaling argument.
Proof of Theorem 1. Let φ0(s) ∈ C10[0,∞) deﬁned by
φ0(s) =
⎧⎨
⎩
1, 0 s < 1,
(l − k)−1(l(2− s)k − k(2− s)l), 1 s 2,
0, s > 2
(2.1)
and putting φ(x) = φ0(R−2|x|2), which the parameters l > k > 2 will be determined later. It is not diﬃcult to verify that
0 φ0(s) 1 and |φ′0(s)| β0φ1−1/k0 (s), where β0 = k( ll−k )1/k .
We ﬁrst consider (1.3). Suppose that u(x) is a solution to problem (1.3). Without loss of generality, we can assume that
u > 0 in RN (otherwise, we consider u
 = u + 
 and let 
 ↓ 0). Let α > 0 be a parameter (α will also be chosen below).
By the Young inequality, we get
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where α1,α2  0 and q satisfy
q = α1 + α2 > p − 1, λ1 + λ2 = 1
with λ1 = α1/n, λ2 = α2/m.
Let α > 0. Multiplying the equation in (1.3) by uαφ and integrating by parts, we obtain∫
RN
Hλ1hλ2uq+αφ dx−α
∫
RN
uα−1|∇u|pφ dx+
∫
RN
uα |∇u|p−1|∇φ|dx. (2.3)
Then applying the Young inequality, we have∫
RN
Hλ1hλ2uq+αφ dx+ α
2
∫
RN
|∇u|puα−1φ dx C1α1−p
∫
RN
up+α−1|∇φ|pφ1−p dx (2.4)
where the constant C1 is independent of α.
Similarly, let us multiply the equation in (1.3) by φ and integrate by parts:∫
RN
Hλ1hλ2uqφ dx
∫
ΩR
|∇u|p−1|∇φ|dx

( ∫
ΩR
|∇u|puα−1φ dx
) p−1
p
( ∫
ΩR
|∇φ|pφ1−pu(1−α)(p−1) dx
) 1
p
. (2.5)
By (2.4),∫
RN
|∇u|puα−1φ dx C1α−p
∫
ΩR
|∇φ|pφ1−pup+α−1 dx. (2.6)
Now, we apply the Hölder inequality to the integral on the right-hand side of (2.6):∫
ΩR
|∇φ|pφ1−pup+α−1 dx

( ∫
ΩR
Hλ1hλ2uqφ dx
) 1
λ
( ∫
ΩR
|∇φ|pλ′φ1−pλ′(Hλ1hλ2)1−λ′ dx)
1
λ′
(2.7)
with λ = qp+α−1 > 1, λ′ = qq−p−α+1 and ΩR = {x ∈ RN | R  |x| 
√
2R}. Since q > p − 1, we chose α > 0 so small that
q > p − 1+ α.
Similarly, we have∫
ΩR
|∇φ|pφ1−pu(1−α)(p−1) dx

( ∫
ΩR
Hλ1hλ2uqφ dx
) 1
μ
( ∫
ΩR
|∇φ|pμ′φ1−pμ′(Hλ1hλ2)1−μ′ dx)
1
μ′
(2.8)
with μ = q
(1−α)(p−1) > 1, μ
′ = qq−(1−α)(p−1) .
Since φ(x) = φ0(R−2|x|2), |∇φ(x)| C0R−1φ1−1/k0 (|ξ |) with x = Rξ . Then we get∫
ΩR
|∇φ|pλ′φ1−pλ′(Hλ1hλ2)1−λ′ dx
 C0RN−pλ
′(
B1(R)
)λ1(1−λ′)(b1(R))λ2(1−λ′)
∫
Ω1
φ
(1− 1k )pλ′
0
(|ξ |)φ1−pλ′0 (|ξ |)dξ (2.9)
and
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ΩR
|∇φ|pμ′φ1−pμ′H1−μ′ dx
 C0RN−pμ
′(
B1(R)
)λ1(1−μ′)(b1(R))λ2(1−μ′)
∫
Ω1
φ
(1− 1k )pμ′
0
(|ξ |)φ1−pμ′0 (|ξ |)dξ (2.10)
where B1(R) = infΩR H(x) and b1(R) = infΩR h(x).
By the assumption on φ0(s), we have 0 φ0(s) 1. Let k > max{pλ′, pμ′}. Then,∫
Ω1
φ
(1− 1k )pλ′
0
(|ξ |)φ(1−pλ′)0 (|ξ |)dξ =
∫
Ω1
φ
(1−pλ′/k)
0
(|ξ |)dξ  ∫
Ω1
1dξ  |Ω1|. (2.11)
Similarly, we have∫
Ω1
φ
(1− 1k )pμ′
0
(|ξ |)φ(1−pμ′)0 (|ξ |)dξ  |Ω1|. (2.12)
Then it follows from (2.5)–(2.12) that( ∫
RN
Hλ1hλ2uqφ dx
)1−s
 C2α1−p Rσ1
(
B1(R)
)σ2(b1(R))σ3 (2.13)
where C2 is independent of α and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
s = p − 1
pλ
+ 1
pμ
= p − 1
q
< 1,
σ1 = p − 1
pλ′
(
N − pλ′)+ 1
pμ′
(
N − pμ′)= N − p − N(p − 1)
q
,
σ2 = λ1(p − 1)
pλ′
(
1− λ′)+ λ1
pμ′
(
1− μ′)= −λ1(p − 1)
q
,
σ3 = λ2(p − 1)
pλ′
(
1− λ′)+ λ2
pμ′
(
1− μ′)= −λ2(p − 1)
q
.
(2.14)
If limsupR→∞ Rσ1 (B1(R))σ2 (b1(R))σ3 = 0, it follows from (2.13) that∫
RN
Hλ1hλ2uq dx = 0. (2.15)
This implies that u(x) = 0, a.e. in RN . That is, u is a trivial solution for (1.3).
If limsupR→∞ Rσ1 (B1(R))σ2 (b1(R))σ3 < ∞, then (2.13) gives that∫
RN
Hλ1hλ2uq dx < ∞ (2.16)
and
lim
R→∞
∫
ΩR
Hλ1hλ2uq dx = 0. (2.17)
By (2.5), we derive∫
BR
Hλ1hλ2uq dx
∫
B2R
Hλ1hλ2uqφ dx

( ∫
ΩR
|∇u|puα−1φ dx
) p−1
p
( ∫
ΩR
|∇φ|pφ1−pu(1−α)(p−1) dx
) 1
p
. (2.18)
Reasoning as in the ﬁrst part of the proof, we infer that
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Hλ1hλ2uq dx C2α1−p Rσ1
(
B1(R)
)σ2(b1(R))σ3
( ∫
ΩR
Hλ1hλ2uqφ dx
) p−1
q
 C2α1−p
( ∫
ΩR
Hλ1hλ2uqφ dx
) p−1
q
. (2.19)
Letting R → ∞ in (2.19), we obtain that (2.15). Thus, u = 0, a.e. in RN . This contradicts the solution u > 0 for (1.3).
We now turn to consider the problem (1.4) and apply the similar argument in the ﬁrst part of proof.
Let α < 0 be a parameter (α will also be chosen below). Multiplying the equation in (1.4) by uαφ and integrating by
parts, we obtain∫
RN
Hλ1hλ2uq+αφ dx α
∫
RN
uα−1|∇u|pφ dx+
∫
RN
uα |∇u|p−1|∇φ|dx. (2.20)
Then applying the Young inequality, we have∫
RN
Hλ1hλ2uq+αφ dx+ |α|
2
∫
RN
|∇u|puα−1φ dx C1|α|1−p
∫
RN
up+α−1|∇φ|pφ1−p dx. (2.21)
Similarly, let us multiply the equation in (1.4) by φ and integrate by parts:∫
RN
Hλ1hλ2uqφ dx
∫
ΩR
|∇u|p−1|∇φ|dx

( ∫
ΩR
|∇u|puα−1φ dx
) p−1
p
( ∫
ΩR
|∇φ|pφ1−pu(1−α)(p−1) dx
) 1
p
. (2.22)
By (2.21),∫
RN
|∇u|puα−1φ dx C1|α|−p
∫
ΩR
|∇φ|pφ1−pup+α−1 dx. (2.23)
Now, we apply the Hölder inequality to the integral on the right-hand side of (2.23):∫
ΩR
|∇φ|pφ1−pup+α−1 dx

( ∫
ΩR
Hλ1hλ2uqφ dx
) 1
λ
( ∫
ΩR
|∇φ|pλ′φ1−pλ′(Hλ1hλ2)1−λ′ dx)
1
λ′
(2.24)
with λ = qp+α−1 > 1, λ′ = qq−p−α+1 and ΩR = {x ∈RN | R  |x|
√
2R}.
Since q > p − 1, we chose α < 0 so small that q > (p − 1)(1− α). Then, we have∫
ΩR
|∇φ|pφ1−pu(1−α)(p−1) dx

( ∫
ΩR
Hλ1hλ2uqφ dx
) 1
μ
( ∫
ΩR
|∇φ|pμ′φ1−pμ′(Hλ1hλ2)1−μ′ dx)
1
μ′
(2.25)
with μ = q
(1−α)(p−1) > 1, μ
′ = qq−(1−α)(p−1) .
As the proof of ﬁrst part, we can derive( ∫
RN
Hλ1hλ2uqφ dx
)1−s
 C2|α|1−p Rσ1
(
B1(R)
)σ2(b1(R))σ3 (2.26)
and u = 0, a.e. in RN . It is a contradiction. Then the proof of Theorem 1 is completed. 
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u = u + e−|x|un, in RN ,
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(2.27)
The other case can be treated similarly.
For the problem (2.27), let m = 1,h(x) = 1, H(x) = e−|x| . Then we have B1(R) = minΩR H(x) = e−
√
2R , b1(R) =
minΩR h(x) = 1. Since q = α1 + α2 > 1 and α1n + α2 = 1, we let q = α1(1 − n−1) + 1 > 1 + α. This implies α1 > nαn−1 .
Then
A(R) = Rσ1(B1(R))σ2(b1(R))σ3 = RNα1(1−n−1)/q−2e√2Rα1/qn
 Rα1N(1−n−1)−2e
√
2Rα1 . (2.28)
Let nα
(n−1) < α1  R−1 with α = n−12nR . Then,
A(R) Rα1N(1−n−1)−2e
√
2. (2.29)
It follows from (2.13) that( ∫
RN
Hλ1uqφ dx
)1−s
 C2α−1Rσ1
(
B1(R)
)σ2(b1(R))σ3  C2Rα1N(1−n−1)−1e√2 (2.30)
with s = q−1. Then for any small ε > 0, ∃R0 > 0, such that R > R0, we have
C2R
α1N(1−n−1)−1e
√
2  ε < 1.
Then (2.30) gives∫
RN
Hλ1uqφ dx ε
1
1−s . (2.31)
Note q = α1(1− n−1) + 1 → 1, 1− s = 1− q−1 = α1(1− n−1)/q → 0, λ1 = α1/n → 0 as R → ∞, we derive from (2.31) that∫
RN
u(x)dx = 0. (2.32)
This implies u(x) = 0, a.e. in RN and contradict the assumption u > 0. 
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